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Abstract
We show that generalised metric equation of motion of doubled field theory
(the vanishing of the generalised Ricci tensor) can be derived as the back-
ground field equation of a double sigma model. Thus the double field theory
is the effective field theory for the sigma model.
1 Introduction
String theory on a d-torus possess O(d, d) T-duality invariance. Although
this is particular to strings, rather than point particles (the duality mixes
momentum in the compact directions with string winding around them), the
O(d, d) symmetry can still be observed in the effective field theory when it
is dimensionally reduced on a torus. In double field theory [1] describing
D dimensional physics an additional set of co-ordinates are introduced lead-
ing to a manifest O(D,D) symmetry. The dual co-ordinates associated to
toroidal dimensions are conjugate to the winding in those directions (just
as the original co-ordinates are conjugate to momentum), and the O(d, d)
symmetry in these directions should be restricted to O(d, d;Z) to preserve
periodic boundary conditions. These O(d, d;Z) transforms can be thought
of as T-dualities relating equivalent string backgrounds when reduced to the
undoubled effective field theory in terms of the ordinary string massless fields.
However, any other, non-compact, dimensions are (usually) doubled as
well. The dual co-ordinates in these directions no longer have an interpreta-
tion as winding and only in one (the canonical) duality frame can we express
the double field theory fields in terms of undoubled fields representing a phys-
ical string background. Nevertheless, compact and non-compact directions
are formally identical and we can describe the whole theory in terms of the
generalised metric, H, and dilaton, d, where the generalised metric indices
range over the doubled set of co-ordinates. The doubled field theory fields H
and d combine the undoubled metric, g, and anti-symmetric tensor, b, along
with the ordinary dilaton, φ, and the structure and geometry of double space
becomes clearer when double field theory is expressed in terms of them. The
double field theory equation of motion is expressed as the vanishing of the
generalised Ricci tensor RMN [2] (a function of H and d) and recent work
has focussed on finding a doubled differential geometry of H in which RMN
arises naturally [3, 4] beyond the ordinary Riemannian geometry of d.
In [5] it was shown that in the doubled formalism (a sigma model in which
d-dimensional toroidal fibres which are also doubled giving manifest O(d, d)
symmetry) this generalised Ricci tensor also occurs, albeit in a reduced form.
It is reduced in the sense that, since in the doubled formalism only the fibre
is doubled and none of the fields depend on these doubled co-ordinates, we
should restrict the double field theory background on which RMN is defined
to be of this form. The vanishing of this reduced generalised Ricci tensor is
the background field equation of the doubled formalism. One is immediately
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led to ask whether a similar correspondence exists for the full range of double
field theory backgrounds. This of course demands defining a double sigma
model whose target space is a general double field theory background.
The main result of this paper is to show that there is such a doubled sigma
model whose one-loop background field equation is the vanishing of the full
double field theory Ricci tensor, implying that double field theory is the
effective theory for the sigma model and a two-loop calculation could yield
higher order corrections. The sigma model is the straightforward extension of
the doubled formalism action without manifest Lorentz invariance considered
in [6] to the case where all co-ordinates are doubled with the fields able to
depend on this enlarged set (such actions were considered in [7, 8]). The
crucial extra feature here is that we impose the strong constraint that the
double field theory is required to obey on the sigma model background as
well. This means that half of the components of the equation of motion can
be integrated, which is exactly as needed to demonstrate classical Lorentz
invariance, show invariance under the double gauge transforms of double field
theory and derive the background field equation.
These results are of interest from various perspectives. As remarked in [6]
the generalisation of the doubled formalism to allowing the generalised metric
to depend on the fibre co-ordinates was unknown, especially the nature and
role of the chirality constrain. Here we establish the non-manifestly Lorentz
invariant form of that action, with the level-matching constraint of double
field theory allowing the generalisation. Only half of the components of the
chirality constraint are imposed. Although closely related to earlier mod-
els [6,9,10], the sigma model is O(D,D) invariant, including the dependence
on the doubled co-ordinates (via the level-matching constraint). Given the
classical equivalence of the sigma model to the standard sting, it is not nec-
essarily obvious that it should be quantum equivalent. This is established
here at the one-loop level for a completely general g, b and φ background,
indirectly through the relation to double field theory which we know repro-
duces the equations of motion following the effective action for the ordinary
string.
However what has really prompted this investigation is that the sigma
model can give a new perspective on double field theory. Since the one
loop background field expansion gives us the known two derivative double
field theory, the two loop calculation will give higher order corrections in
O(D,D) invariant form. Though there has been a huge amount of recent
interest in double field theory, the form of the higher order corrections is
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an open question [11], though the work of Meissner [12] on the dimensional
reduced theory may provide guidance. The calculation of these corrections
is well underway. Another topic of interest is the nature of the generalised
O(D,D) of double field theory which also underlies the sigma model. Here we
confirm the importance of the “generalised Ricci tensor” whose vanishing is
the background field equation of motion. It combines the gand b equations in
an O(D,D) symmetric manner. A natural extension to this paper is finding
the correct doubled background field expansion to simplify the calculation
which would require (and guide) the determination of doubled differential
geometrical versions of concepts like geodesics and normal co-ordinates for
the 2D-dimensional space (see discussion in the final section).
Finally, having established the connection of the sigma model to the gen-
eralised metric formulation of double field theory with the strong constraint
enforced, one could relax the constraint and allow more general dependence
on the doubled co-ordinates (i.e. some form of true doubling, closer to the
original goal of double field theory). Recent work has shown that when
compactifying double field theory to obtain gauged supergravities in 4 di-
mensions, the strong constraint of double field theory gives a constraint in
4 dimensions that is too strict to give the most general gaugings [13, 14].
Indeed it has been shown that the strong, and even the weak, constraint can
be relaxed slightly whilst maintaining the gauge symmetry of the double field
theory action [15, 16]. It would be interesting to compare the more general
constraints on gauge invariance in the fiedl theory with those for a consistent
gauge invariant sigma model if one can be found. This would lead to a geo-
metric worldsheet description of a wider range of non-geometric backgrounds,
echoing the original motivations of the doubled formalism.
We begin with a brief introduction to the generalised metric formulation
of doubled field theory [2] and its relation to the doubled formalism, extend-
ing the discussion of the strong form of the level-matching constraint to the
sigma model case. In Section 3 we introduce the general chiral sigma model
with which we will work, examining its equations of motion in the presence of
the strong constraint, which can then be used to confirm its classical Lorentz
invariance and invariance under double gauge transformations after the in-
clusion of a topological term familiar from the doubled formalism. Section 4
is concerned with background field expanding this action to obtain the con-
dition for Weyl invariance at the one-loop level and relating this to double
field theory, including necessary dilaton terms. In the last section we present
some conclusions and discussion.
2 Double Field Theory
In this section we review the pertinent points of double field theory, as for-
mulated by Hull, Zwiebach and Hohm [1, 2, 17, 18]. The fundamentals of
doubled field theory were recently reviewed in [19]. It is closely connected to
the earlier works of Tseytlin and Siegel [7, 8, 20] and connection to Siegel’s
work is illustrated in [3]. While the theory was originally meant to be truly
doubled and go beyond the ordinary effective action we will be interested in
the case where the ‘strong constraint’ is enforced restricting the co-ordinate
dependence of the fields. The theory can then be expressed in terms of the
generalised metric, with new doubled geometrical structures coming to the
fore with the theory possessing a new doubled gauge symmetry. However,
the theory is no longer truly doubled and is equivalent to the effective action
S =
∫
dX
√−ge−2φ
[
R + 4(∂φ)2 − 1
12
H2
]
(2.1)
for the metric, anti-symmetric two-form and dilaton, g, b and φ, which are
functions of D co-ordinates X i. We introduce the dual co-ordinates X˜i which
combine with the original co-ordinates to give a 2D vector XM = (X˜i, X
i)
which transforms in the fundamental of O(D,D) and allow all the fields to
depend on them. We then have corresponding derivatives ∂M = (∂˜
i, ∂i) and
the action can be written in terms of the generalised metric
HMN =
(
gij −gikbkj
bikg
kj gij − bikgklblj
)
, (2.2)
and the doubled dilation
e−2d =
√
ge−2φ. (2.3)
The generalized metric transforms as an O(D,D) tensor under and O(D,D)
rotation acting on the vector XM (to be contrasted with the complicated
transformations of g and b individually) and is thus a natural object with
which to build and O(D,D) invariant action (the doubled dilaton is invariant
under these transformations). The generalised metric has the property that
raising the indices with the O(D,D) invariant metric
LMN =
(
0 1
1 0
)
(2.4)
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gives its inverse, that is H−1 = L−1HL−1. In fact it is the most general
matrix with this form, this form also indicating that it parameterises an
O(D,D)/(O(D)×O(D)) coset. In what follows O(D,D) indices will always
be raised and lowered with the metric LMN .
The action of double field theory can be cast in Einstein-Hilbert form
for a scalar function of the generalised metric and doubled dilaton which is
denoted R [2]. The notation makes clear that in some sense the scalar is
playing the roˆle that the Ricci scalar does in ordinary gravity. The dilaton
equation of motion is the vanishing of R, whilst the variation of the action
with respect to HAB is proportional to KABδHAB, where
KMN = 1
8
∂MHKL ∂NHKL − 1
4
(∂L − 2(∂Ld))(HLK∂KHMN)
+ 2 ∂M∂Nd − 1
2
∂(MHKL ∂LHN)K
+
1
2
(∂L − 2(∂Ld))
(HKL∂(MHN)K +HK (M∂KHLN)) .
(2.5)
However, the field equation is not simply the vanishing of KMN , as the vari-
ation of H should preserve its coset form. In other words, since the original
field satisfies HMNLNKHKL = LML, the field after variation H′ = H + δH
must satisfy the same relation. This constrains the form of the variation and
thus the field equation is the vanishing of
RMN = 1
2
(
KMN −H PM KPQHQN
)
. (2.6)
As with the scalar,RMN is playing the roˆle of the Ricci tensor, and for want of
a better name we shall refer to it as the generalised Ricci tensor (note that it is
not the Ricci tensor constructed from the generalised metricH and it does not
simply trace to give the generalised Ricci scalar). The ordinary Ricci tensor
encodes the differential geometry associated to the metric g, whereas here the
generalised Ricci tensor somehow encodes the doubled O(D,D) differential
geometry associated to g, b and φ. Understanding this differential geometry
from different perspectives has been the focus of much recent work [3,4,21,22].
There has also recently been progress towards a full doubled supergravity
[23, 24](see also [22]) and the development of a closely related generalised
geometry for M-theory [25, 26], while additional interesting extensions can
be found in [15, 27].
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2.1 The level-matching constraint
A crucial ingredient of doubled field theory is the level matching constraint
which comes in both weak and strong forms. It can be expressed in terms of
a differential operator
∆ = LMN∂M∂N = 2∂i∂˜
i . (2.7)
The weak form of the constraint comes from closed string level matching in
a toroidal background and is that this operator should annihilate the fields
and gauge parameters of the theory. The strong form of the constraint was
required in writing a background independent form of the double field theory
action and is is that the operator should also annihilate products of fields, in
particular this implies
∂MA∂
MB = 0 (2.8)
for any fields or gauge parameters A,B in the theory. Since later we will be
interested in this constraint in the sigma model context let us examine it in
more detail as in [18]. First consider a field which is a single Fourier mode
A(X˜i, X
i) = Aei(P˜
iX˜i+PiXi) . (2.9)
The momentum PM also transforms in the fundamental of O(D,D) and the
constraint tells us that it is null as an O(D,D) vector,
P · P := LMNPMPN = 0 . (2.10)
This is true for all fourier modes of all fields, and the strong form of the
constraint (2.8) tells us that for any two momentum vectors P, P ′ associated
to different Fourier components of any field in the theory
P · P ′ = 0 , (2.11)
i.e. they are null and orthogonal which means that all the momentum vectors
lie in an isotropic subspace of R2D. The canonical choice for such a subspace
would be that of all PM with P˜ i = 0. If this is the case the fields only
depend on the co-ordinates of a totally null D-dimensional subspace of the
double space. The canonical choice corresponding to P˜ i = 0 is that with no
dependence on the dual co-ordinates. Now any two maximal (D-dimensional
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here) isotropic subspaces are dual to each other under an O(D,D) rotation1,
so we can always to rotate to the canonical one.
We will also be interested in the constraint in the sigma model context.
With this in mind the picture given here makes clear how strong the strong
constraint is: if the X ’s are target space fields the strong constraint will hold
even when evaluated at different points on the world sheet. That is
LMN
δA(X(σ))
δXM(σ)
δB(X(σ′))
δXN(σ′)
= 0 , (2.12)
because thinking of A andB as Fourier transforms of functions of momentum,
differentiation at any point will bring down a the momentum vectors in the
same null subspace, and the contraction with L will always give zero.
2.2 Relation to the doubled formalism
The doubled formalism [28–31] was introduced to describe string backgrounds
with a toroidal fibre in a manner which makes the T-duality action on the
fibre into a manifest symmetry of a sigma model. The fibres are doubled
and in this new partially doubled target space, backgrounds such as T-folds
and twisted tori [28, 29, 32, 33] would have a geometrical description: in a
T-fold T-duality transition functions are allowed, resulting in non-geometric
backgrounds which are not manifolds.
The action is a sum of base and fibre parts, with the base part given by
an ordinary sigma model action and the fibre part of the action is a sigma
model action for the generalised metric H of the doubled fibres. Crucially
H only depends on the base co-ordinates and there is isometry in all the
fibre directions. The action must be supplemented by a chirality constraint
that ensures the fibre directions can be thought of as chiral bosons on the
worldsheet so that the doubling does not increase the degrees of freedom. The
constraint can be incorporated into the action [6] and the resulting action
on the fibre lacks manifest Lorentz invariance and takes a form previously
considered by Tseytlin [7],
Sfib =
1
2
∫
d2σ
[−HMN (Y )∂1XM∂1XN + LMN∂1XM∂0XN] , (2.13)
1We recall that in any compact directions we should restrict to O(d, d;Z) to preserve
the periodic boundary conditions.
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where XM are the doubled set of fibre co-ordinates and Y represents the
base co-ordinates. An important point here is the second-order equation of
motion for the fibre co-ordinates
∂1
(HMN∂1XN) = LMN∂1∂0XN , (2.14)
can be integrated (the gauge invariance of the action under XA → XA+ f(τ)
is then used to remove an integration function of τ) to give the chirality
constraint which was incorporated into the action. Once the action is in this
form we can perform a background field expansion to test the quantum con-
sistency of the doubled formalism. This test is one loop in α′ and compliments
the one string-loop calculation in [34] (other quantum tests were performed
in [35, 36]). In order to have UV finiteness and worldsheet Weyl invariance
mainained at 1-loop a certain tensor Wαβ, constructed from HMN and gab
and their derivatives, must vanish (to compare, for an ordinary sigma model
of only the metric g the condition would be the vanishing of the Ricci tensor)
and this is equivalent to the beta-functional equations for the ordinary string
sigma model on the same fibred background [6].
It was shown in [5] that Wαβ is proportional to RMN of doubled field
theory when the doubled field theory is restricted to a fibered background of
the type that the doubled formalism describes. One then wonders whether
the sigma model with doubled fibre could be extended to a wholly doubled
sigma model, one whose background field equation is the same as the double
field theory equation of motion, RMN = 0, on any background that doubled
field theory can describe.
3 Double sigma model
We propose that the sigma model whose background field expansion gives
double field theory is given by
S =
1
2
∫
d2σ
[−HMN∂1XM∂1XN + LMN∂1XM∂0XN] , (3.1)
where XM is a doubled co-ordinate XM = (X˜i, X
i) and H = H(XM) can de-
pend on any of these doubled co-ordinates, subject to the strong form of the
level-matching constraint. As before, LMN is the O(D,D) invariant constant
metric (2.4) and we observe that this action the straightforward generali-
sation of the doubled formalism action without manifest Lorentz invariance
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considered in [6], (2.13), without a base-fibre split. Such actions were consid-
ered by Tseytlin in [7,8] and it was noted that in the case where generalised
metric only depends on the X i co-ordinates it can be derived from the first-
order form of the ordinary sigma-model upon putting pi = ∂1X˜i. Here we
allow the generalised metric to also depend on the dual co-ordinates sub-
ject to the strong constraint. As explained in Section 2.1 this means we
can always perform an O(D,D) rotations so that the fields only depend on
X i and as all O(D,D) indices in the action are contacted properly its form
is preserved under such a rotation. While things can normally be shown
more clearly in this frame, in what follows it is not necessary to break the
O(D,D) invariance in order to use the equation of motion along with the
strong constraint to derive what we want.
The equation of motion following from this action is
∂1(HMN∂1XB − LMN∂0XN) = 1
2
∂MHNP∂1XN∂1XP , (3.2)
which could also be written
D1(HMN∂1XB) = LMN∂1∂0XN , (3.3)
where D is a covariant derivative constructed with the Levi-Civita connection
for HMN , in this case pulled back to the worldsheet. In the fibred case we
had a total derivative, but here we proceed and integrate anyway giving
HMN∂1XN − LMN∂0XN = 1
2
∫
dσ′1ǫ(σ1 − σ′1)[∂MHNP∂1XN∂1XP ](σ′) ,
(3.4)
using ǫ(σ) = (θ(σ)−θ(−σ))/2 so that ∂σǫ(σ) = δ(σ). The notation under the
integral is intended to indicate that all X ’s are functions of σ′1. Here we have
set to zero a function of σ0 introduced by the integration by assuming the
boundary conditions allow us to do so (this was done in similar circumstances
in [7,8]). In the doubled formalism there was a gauge invariance in the action
that allowed us to set such functions to zero, we have not yet been able to
find a similar symmetry here, but we note that the consistency of the final
answer as evidence that setting the function to zero is the correct thing to
do.
When we are required to use the integrated equation of motion the free in-
dex will always be contracted with an XM derivative so that the strong level-
matching constraint will imply the vanishing of the non-local term through
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(2.12). To understand this we rotate to the canonical duality frame using
O(D,D), so that all fields are functions of the X i co-ordinates only and
∂˜iHMN = 0. We can safely integrate the components of the equation of
motion with an upper i index giving2
HiN∂1XN − LiN∂0XN = 0 . (3.5)
We find although we can only integrate half the components of the equation
of motion, it is only these components that we need in first order form to
perform any necessary manipulations. Substituting (3.5) into the remaining
components of the equation of motion one can reproduce the equations of
motion of the ordinary sigma model
Ls = 1
2
gij∂µX
i∂µXj +
1
2
ǫµνbij∂µX
i∂νX
J , (3.6)
as we expect given the equivalence to the phase space form of the action once
in the canonical duality frame.
3.1 Lorentz invariance
This action is not manifestly Lorentz invariant on the worldsheet and we
check that it is actually possesses this symmetry by examining its variation
under the Lorentz transform δLX
M = −σ0∂1XM − σ1∂0XM . Up to total
derivatives the variation is given by
δLS = −1
2
∫
d2σ(−LMN (∂0XM∂N0 X + ∂1XM∂1XN) + 2HMN∂0XM∂1XN)
(3.7)
= −1
2
∫
d2σ(LMN∂0X
N −HMN∂1XN)LMK(LKL∂0XL −HKL∂1XL) .
(3.8)
2Curiously, since H does not depend on X˜i we could shift X˜i → X˜i + fi(σ0) to remove
a possible function of σ0, but this is the wrong half of the components to remove the
integration constant in this equation. As before we rely on boundary conditions to do so.
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We can see this vanishes on the equations of motion either by using (3.4) to
get
δLS = − 1
8
∫
d2σ
∫
dσ′1ǫ(σ1 − σ′1)
[
∂MHNP∂1XN∂1XP
]
(σ′)
×
∫
dσ′′1ǫ(σ1 − σ′′1 ))
[
∂MHKL∂1XK∂1XL
]
(σ′′) , (3.9)
which is zero by the level-matching constraint (2.12)3. Alternatively we could
choose to examine the O(D,D) invariant expression (3.8) in the canonical
frame where the integrated half of the equation of motion (3.5) shows that
the dual components of the bracketed expression vanish. The off-diagonal
nature of L means the whole expression is zero and the action is classically
Lorentz invariant. Lorentz invariance of the canonical frame sigma model was
noted in [7], under local-Lorentz rotations of a worldsheet 2-bein which can be
repeated here, while Lorentz invariance of similar actions was also considered
in [37, Section 5.6]). Those works showed that chiral sigma models can have a
modified Lorentz symmetry which reduces to the ordinary Lorentz symmetry
on shell. Such a symmetry may exist here.
3.2 Double gauge transformations and the topological
term
Recall that doubled field theory posses a gauge symmetry under which the
transformation of the generalised metric H with parameter ξM is
δξHMN = ξP∂PHMN + (∂MξP − ∂P ξM)HPN + (∂NξP − ∂P ξN)HMP , (3.10)
which can be considered as acting as a generalised Lie derivative [2] (compare
with the transformation of the metric by a Lie derivative under diffeomor-
phisms). A vector should transform as
δξV
M = ξP∂PV
M + (∂MξP − ∂P ξM)V P . (3.11)
This implies that in the canonical duality frame, where nothing depends on
X˜ , the components transform as
δξV
i = ξk∂kV
i − ∂kξiV k , (3.12)
δξV˜i = ξ
k∂kV˜i + ∂iξ
kV˜k + (∂iξ˜k − ∂k ξ˜i)V k , (3.13)
3This means rather than thinking of the condition thatHMN obey the strong constraint
as being imposed externally, it could be thought of as following from the condition of
classical Lorentz invariance.
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which we recognise as diffeomorphisms plus gauge transforms of b. Using the
integrated components of the equation of motion we have that
∂1X˜i = gij∂0X
j + bij∂1X
j , (3.14)
and when the gauge parameters only depend on X i the metric and anti-
symmetric tensor transform as [2]
δξgij = Lξgij , (3.15)
δξbij = Lξbij + ∂iξ˜j − ∂j ξ˜i , (3.16)
where
Lξtij = ξk∂ktij + ∂iξktkj + ∂jξktik (3.17)
for general tensor tij . The vector ∂1X
M thus transforms as
δξ(∂1X
i) = −∂kξi∂1Xk , (3.18)
δξ(∂1X˜i) = (ξ
k∂kgij + ∂iξ
kgkj)∂0X
j + (ξk∂kbij + ∂iξ
kbkj)∂1X
j
+(∂iξ˜j − ∂j ξ˜i)∂1Xj (3.19)
= ξk∂k∂1X˜i + ∂iξ
k∂1X˜k + (∂iξ˜j − ∂j ξ˜i)∂1X˜j , (3.20)
which shows that ∂1X
M transforms as (3.12) and (3.13), the correct man-
ner for an O(D,D) vector, so we can conclude that the transformation of
the HMN∂1XM∂1XN term in the double sigma model is only a transport
term, the correct behaviour for this part of the action to have double gauge
symmetry.
When we examine the LMN term in the action we encounter a problem as
∂0X
M does not have a simple gauge transformation, more specifically ∂0X˜i
does not. By using (3.14) in the other half of integrated equation of motion
we see
∂0X˜i = bij∂0X
j + gij∂1X
j − 1
2
∫
d2σǫ(σ − σ′) [∂iHMN∂1XM∂1XN] (σ′).
(3.21)
The first two terms together transform correctly as the dual components of a
vector, but the non-local term does not have a simple gauge transformation.
We can remove ∂0X˜i from the action by performing an integration by parts,
shifting
LMN∂1X
M∂0X
N = ∂1X
i∂0X˜i + ∂1X˜i∂0Xi → 2∂1X˜i∂0Xi . (3.22)
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To evaluate the gauge variation we can use the variation of ∂1X˜i from (3.20),
while ∂0X
i transforms similarly to (3.18). We find
δξ
(
LMN∂1X
M∂0X
N
)
= 2
(
ξk∂k∂1X˜i + ∂iξ
k∂1X˜k + (∂iξ˜j − ∂j ξ˜i)∂1X˜j
)
∂0X
i
− 2∂1X˜i∂kξi∂0Xk + t.d. (3.23)
= ξk∂k
(
2∂1X˜i∂0X
i
)
+ t.d. , (3.24)
where the ξ˜ terms also give a contribution to the total derivative (t.d.). The
variation reduces to the transport term of 2∂1X˜i∂0Xi, but the difference be-
tween this transport term and the transport term of the original LMN term
in the action is not a total derivative and it seems we do not have gauge
invariance. However, we recall that a topological term for the doubled for-
malism was introduced in [30], where is was needed to maintain invariance
under large gauge transformations while imposing the chirality constraint by
gauging an associated current, and also found necessary in [34] to show equiv-
alence of the torus partition function to the undoubled case. The equivalent
term here (in the canonical duality frame) is given by
S =
1
2
∫
d2σΩMN∂1X
M∂0X
N , (3.25)
where
ΩMN =
(
0 1
−1 0
)
, (3.26)
and introducing it here provides exactly the total derivative we added in
(3.22). We see that under gauge transformations
δξ
(
(LMN + ΩMN)∂1X
M∂0X
N
)
= ξk∂k
(
(LMN + ΩMN)∂1X
M∂0X
N
)
+ t.d. ,
(3.27)
so that the total action
S =
1
2
∫
d2σ
[−HMN∂1XM∂1XN + LMN∂1XM∂0XN + ΩMN∂1XM∂0XN]
(3.28)
is invariant under double gauge transformations. The topological term is
Lorentz invariant and does not affect the equations of motion since it is a
total derivative, so it does not affect the conclusions above and will play no
roˆle in the background field expansion. We see the effect of the topological
terms is to remove ∂0X˜i from the action.
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The tensor ΩMN is not invariant under O(D,D) transformations, but
rather for co-ordinates related to the canonical ones by X ′M = hMNX
N we
have Ω′MN = h
P
Mh
Q
NΩPQ. For example, under the O(D,D) transform which
exchanges the canonical co-ordinates with their duals ΩMN would change
sign giving
Ltop = −1
2
(
∂1X˜
′
i∂0X
′
i − ∂1X i′∂0X˜ ′i
)
=
1
2
(
∂1X˜i∂0Xi − ∂1X i∂0X˜i
)
. (3.29)
This ensures that ∂0X˜i = ∂0X
i′ is still eliminated from the action, as it is
still given by the components of the equation of motion that can not be inte-
grated. If the topological term was invariant then ∂0X˜
′
i would be eliminated
wrongly instead. This probably reflects that the sigma model should come
from imposing a chirality constraint which has only D components and is
not O(D,D) invariant (compare also with how only half the components of
the current are gauged in [30] where the topological term was introduced).
While we would prefer to maintain the O(D,D) invariance of the action we
reiterate that the topological term is only required here to show double gauge
invariance, and is not involved in what follows.
In conclusion the chiral sigma model (3.28) subject to the strong level-
matching constraint is classically lorentz invariant, invariant under double
gauge transforms and equivalent to the ordinary string sigma model.
4 Background field expansion
In order to examine the quantum behaviour of the sigma model we perform a
background field expansion in quantum fluctuations around a classical back-
ground. Expanding to second order in fluctuations will allow us to calculate
the one-loop background field equations. These equations give the neces-
sary conditions on the background in order that worldsheet Weyl invariance
be preserved, as well as guaranteeing freedom from UV divergences (at this
order). The calculation simultaneously provides a check that worldsheet
Lorentz invariance is also preserved at this order. It is through these back-
ground field equations that the connection to double field theory will be
made.
We begin by writing the field XM as a classical background piece (which
solves the classical equations of motion) plus a quantum fluctuation, XM =
XMcl + π
M . While one can expand in whatever one likes, expansion in such a
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fluctuation will not in general be covariant. Instead we expand in ξM defined
as the tangent vector to the geodesic from XMcl to X
M
cl + π
M whose length
is equal to that of the geodesic [38, 39]. Since this is a contravariant vector,
the expansion will naturally be organized in terms of covariant objects. This
technique was first applied to chiral boson models of the doubled formalism
in [6] and extended in [5,40]. We follow these works in using the algorithmic
method of performing the expansion described in [41].
The background field expansion for general chiral sigma models was con-
sidered in [10] and general expressions for the Weyl and Lorentz anomaly
terms were written down, before specialising to a specific class of backgrounds
with group structure. In [9] such group manifolds were also considered and
both cases the end result was the vanishing of a tensor constructed from the
structure constants.
4.1 Expanding the doubled sigma model
We perform the background field expansion starting from the Lagrangian of
(3.1) without topological term. At first order the terms vanish due to the
background being a solution of the equations of motion, as should always be
the case. At second order in ξM we get
2L(2) = −HMND1ξMD1ξN + LMND0ξMD1ξN
−RKMNLξMξN∂1XK∂1XL + LMN ;KξK(D0ξM∂1XN + ∂0XMD1ξN)
+
1
2
DMDNLKLξ
MξN∂0X
K∂1X
L
+
1
2
(
LKPR
P
MNL + LLPR
P
MNK
)
ξMξN∂0X
K∂1X
L. (4.1)
The next step is to obtain a propagator for the fluctuations, and then Wick
contract all fluctuations out. In order to do this we introduce a vielbein
which allows us to move to the chiral frame where the metrics are diagonal.
This gives us kinetic terms for chiral and anti-chiral bosons in flat space,
and since the propagator for these is known [8] we can then Wick contract as
intended. The effect of pulling the vielbeins through the covariant derivatives
is to exchange the connection for the ‘spin-connection’
AMµN = Γ
M
µN + ∂µVMM¯VM¯N . (4.2)
For the an undoubled string the connection terms can be dropped as there
is a general argument why they cannot contribute to the Weyl divergence as
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they transform like a gauge field when pulled back to the worldsheet. In the
doubled case the connection carries O(D,D) rather than O(D) indices and
the arguments do not hold. In [5] it was explicitly demonstrated that in the
doubled formalism theses terms do contribute to the Weyl divergence, so we
must include them here. The new connection AAµB has the anti-symmetry
HMKAKµLHLN = −ANµM , (4.3)
wheras the vielbein piece BMµN = ∂µVMM¯VM¯N = AMµN − ΓMµN obeys
LMKB
K
µLL
LN = −BNµM . (4.4)
The final complication is that in order to account for all one-loop contribu-
tions to the effective action, we must also include some terms at higher order
in the expansion of the exponential of the effective action. Terms of the form
ξ∂ξ will only contribute to the logarithmic divergence at second order in this
expansion. The necessary contractions along with the propagator, when re-
ferred back to the original frame from the tangent frame, can be summarised
as [6]
〈ξM(z)ξN(z)〉 = ∆0HMN + θLMN , (4.5a)
〈ξP∂1ξM∂1ξKξQ〉 = −∆0
(HM [QHK]P − LM [QLK]P) , (4.5b)
〈ξP∂1ξM∂0ξKξQ〉 = ∆0
(HM [QLK]P + LM [QHK]P)+ 2θLM [QLK]P , (4.5c)
〈ξP∂0ξM∂0ξKξQ〉 = ∆0
(HM [QHK]P + 3LM [QLK]P)
+ 2θ
(HM [QLK]P + LM [QHK]P) , (4.5d)
The chiral and antichiral boson propagator integrals at zero distance combine
into a divergent ordinary boson propagator integral, ∆0 and a parameter θ,
which keeps track of any violation of Lorentz invariance.
16
4.2 The total divergence
The complete contributions at one-loop proportional to ∆0 and θ can be
written(
RMN +
(
1
8
∂PHKL∂QHKL + ∂L(HKL∂PHQK)
)
HPMHQN
)
(4.6a)
×∂1XM∂1XN∆0 , (4.6b)
∂L
(HKL∂BHAL)HAC ∂1XC∂0XB∆0 , (4.6c)
−1
8
∂MHKL∂NHKL∂0XM∂0XN∆0 , (4.6d)
HCK∂LHKL
(
−∂MHCN +
1
2
∂CHMN
)
∂1X
M∂1X
Nθ , (4.6e)
−∂M
(HCK∂LHKL) ∂0XM∂1XNθ , (4.6f)
We are heartened to seeRMN appear (for now we assume the doubled dilaton
d is constant, as we have not considered the terms in RMN containing d yet).
Dealing with the θ terms first we can quickly see that after an integration by
parts they are given by
HCK∂LHKL
(
∂0∂1X
C − ∂1HCB∂1XB +
1
2
∂CHAB∂1XA∂1XB
)
θ . (4.7)
this is proportional to the equation of motion (the unintegrated form) and
so the θ terms drop out at one loop confirming the preservation of Lorentz
invariance at this order. The ∆0 terms are slightly more subtle. The crucial
point to observe is that in (4.6b) and (4.6c), ∂0X
M is always contracted with
a derivative. Thus we can use the integrated form of the equation of motion
as the non-local terms will drop out (as always one could alternatively rotate
to the canonical frame where it will only be necessary to use the half of the
components of the equation of motion that can be integrated). Thus we can
make the replacement of ∂0X
M by HMN∂1XN yielding the final result
Leff = RMN∂1XM∂1XN∆0 . (4.8)
4.3 Dilaton
We now turn to the terms of the generalised Ricci tensor which contain the
dilaton, which we denote RdMN . This is the difference between what we have
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found so far from the background field expansion and the full d-dependant
generalised Ricci tensor, and is given by
RdMN =
1
2
∂LHLK∂KHMN + ∂M∂Nd−H KM H LN ∂K∂Ld
−∂Ld
(HKL∂MHKN +HK(M∂KHLN)) . (4.9)
To RdMN∂1X
M∂1X
N we can add zero in the form
∂LdHLK
(
∂1(HKN∂1XN − LKN∂0XN)− 1
2
∂KHMN∂1XM∂1XN
)
(4.10)
since the factor in brackets is the equation of motion which vanishes on shell.
It cancels the first, second and fourth terms of leaving
∂M(H LN ∂Ld)∂0XM∂1XN −H KM ∂K(H LN ∂Ld)∂1XM∂1XN , (4.11)
where in the first term we changed the order of differentiation and integrated
by parts. Now the ∂0X
M in the first term is contracted with a derivative, so
we can use the integrated equation of motion to eliminate it, cancelling the
second term without introducing a non-local term. Thus RdMN∂1X
M∂1X
N is
a total derivative on shell and we are free to add it to the sigma model and
we have correctly reproduced the whole generalised Ricci tensor multiplying
∂1X
M∂1X
N .
A more complete understanding of the role of the doubled dilaton in
finiteness and conformal invariance akin to [42] is left to the future as it
requires a firmer understanding of how the sigma model sees the double
geometry. The dilaton equation of motion of the double field theory should
arise as an integrability condition of the generalised metric one (the dilaton
beta functional occurs at higher look in α′ so this is the easiest way to see
it) [40, 43]. It would be interesting to consider whether things become clear
upon using a derivative more related to the double differential geometry, like
the semi-covariant one of [4] whose connection contains the dilaton.
4.4 The background field equation
Given the result for the one-loop effective action (4.8) we can find the beta-
functional in exactly the same manner as for the ordinary string. The prop-
agator integral at zero distance contained in ∆0 is divergent and can be
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regulated using dimensional regularisation, introducing a mass scale. In this
simple case at one loop the beta-functional for HMN is just proportional to
the coefficient of ∂1X
M∂1X
N in the effective action. That is, with original
action
Scl =
1
2
∫
d2σ
[−HMN∂1XM∂1XN + LMN∂1XM∂0XN] , (4.12)
and one-loop modification from (4.8)
S1 loop =
1
2
∫
d2σ
[−WMN∂1XM∂1XN] =
∫
d2σ
[RMN∂1XM∂1XN] ,
(4.13)
then the beta-function in proportional to WMN (W was notation introduced
in [6]). We confirm the conclusion of [5] that
RMN = −1
2
WMN , (4.14)
with no renormalisation of L. For the Weyl invariance of the sigma model
to be preserved at one loop the beta-functional must vanish, thus so must
RMN . This requirement of generalised Ricci flatness is the generalised metric
equation of motion of the double field theory, justifying the statement that
doubled field theory is the effective field theory of the more general sigma
model. Since the double field theory equation of motion is equivalent to
those from the ordinary string effective action (2.1) this also establishes the
quantum equivalence of the double sigma model to the ordinary string case.
5 Discussion
We have shown that the double sigma model (3.1) is classically Lorentz in-
variant and has double gauge symmetry. The vanishing of the one loop
beta-functionals is equivalent to the generalised metric equation of motion of
doubled field theory: the vanishing of the generalised Ricci tensorRMN . Just
like the action (2.1) is the effective action for bosonic string sigma model (or
massless NS-NS sector of the superstring), double field theory is the effective
action for the new sigma model. As in the fibred case (that of the doubled
formalism), since both the double field theory and the sigma model can be
undoubled and shown equivalent to the ordinary string versions, this is not
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surprising, but quantum equivalence is not guaranteed. It is however reas-
suring, demonstrating the consistency of the double sigma model and double
field theory. Moreover, it is through the vanishing of RMN that they are con-
nected, illustrating the central roˆle of this tensor. It combines the equations
of motion of the massless string fields in a manner revealing an underlying
O(D,D) symmetry and should arise as some kind of curvature on the double
geometry. The next step, which we will pursue in future work, is to calculate
the two-loop beta functional and thus find the higher order corrections to
the double field theory, which have been sought but have proven difficult to
pin down (see for example [11]).
In the background field expansion one can choose to expand in any pa-
rameter, and we have chosen an expansion covariant with respect to the the
Levi-Civita connection treating H as the metric. In this case it would be
more natural to expand in an O(D,D) connection which annihilates L as
well as H (perhaps like those featuring in [3,4,22]) but before this one must
understand who one interprets things like geodesics in the doubled space.
The correct expansion would be especially pertinent in attempting a higher
loop calculation, and might even provide an efficient way of calculating the
corrections to the undoubled effective theory, as the anti-symmetric tensor
would also be included in O(D,D) symmetric manner. Also, since the full
fermionic part of double supergravity has not been finalised yet [22–24], per-
haps a supersymmetric sigma model could be of use.
The sigma model (3.1) is the analogue of the non-manifestly Lorentz in-
variance obtained after the PST procedure in [6], rather than the manifestly
Lorentz invariant action with chirality constraint of the doubled formalism.
Another question is whether the manifestly Lorentz invariant action with
constraint exists in the more general case. It should contain additional in-
gredients of the doubled formalism like connections for the fibre that we have
not included here, when related to it by a reduction. Since only half the com-
ponents of the equation of motion can be integrated and are needed, only
they need be imposed by the Lagrange multipliers in the PST procedure, so it
is unclear what an O(D,D) symmetric form of the constraint would look like.
In [30] when imposing the constraint by gauging currents it was also found
only half the components had to be enforced. There is also some discussion
of the general unfibred case in [30] and the approach used there could be an
alternative starting point in the search for such an action.
Also, the full version of the original, truly doubled, double field theory
(with only the weak form of the level matching constraint imposed) has not
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been found. In fact recent work on compactifying double field theory to
obtain gauged supergravites has shown that imposing the strong constraint
does not lead to the most general gauging [11], and that the double field
action is still consistent and gauge invariant with some relaxation of the
strong and even weak constraints [16] (a slight relaxation in supersymmetric
extension to double field theory can lead to massive IIA supergravity [15]).
As stated in the introduction such a relaxation in the sigma model would also
be of interest. Perhaps also a group construction like in the sigma models
of [9, 10] would allow the strong constraint to be relaxed whilst maintaining
enough structure to be tractable.
As presented here both the sigma model and double field theory make
no distinction between directions with or without isometry, but it is only in
the former case that O(D,D) rotations relate equivalent undoubled string
backgrounds. In other directions only the canonical frame would have an
interpretation as a geometric string background as those with non-trivial
dual co-ordinate dependence would have to be interpreted as having wind-
ings round an infinite circle. Though not conventional string backgrounds,
some of them may be those got by generalised T-duality in [29], which can be
locally non-geometric (compared to T-fold backgrounds which are at least lo-
cally geometric) and could be related to geometric backgrounds by O(D,D)
rotations in directions without isometry in the double theories we consider.
Since investigation of non-geometric sting backgrounds was one of the mo-
tivations of studying sigma models with doubled target spaces, we hope the
sigma model (3.1) and connection to double field theory could prove useful
in this regard.
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